Numerical Integration
Many scientific calculations require the integration of a function. In some cases where the function (integrand) is known, the integral can be determined from known integral formulas (analytical solution). In other cases where the function either cannot be evaluated analytically or exists as x,y data, the integral must be solved numerically. A numerical solution involves calculating the area under the curve of the function. 
I. Integration of a function
Suppose the function (curve) is known and plotted. An example of a simple function is:

f(x) = 0.03 x2  +  0.05 x4  
(1)
The plot of the function is f(x) vs. x, where f(x) is calculated for the desired values of x. The x values are plotted on the abscissa and the f(x) values are plotted on the ordinate as shown in Figure 1. 

Fig. 1
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An even simpler function is the straight line:

f(x) = 0.3 x  +  0.5
(2)
Fig. 2
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Calculating the area under the “curve” in Fig. 2 is trivial in that it is merely the area of the trapezoid bounded by the x-axis, the straight-line-“curve” and the perpendiculars between the curve and the x-axis at x=0 and x=10. 

The area of a trapezoid is equal to the length of the base times the average of the heights of the two unequal sides:

area = base * ½(height1 + height2)
(3)
If the area calculation is recast in terms of x and f(x), the general formula is:


area = (x2-x1) * ½[f(x1) + f(x2)]
(4)

In the case of Fig. 2, area = 10 * ½(0.5 + 3.5) = 20   [Evaluate f(x) for the two perpendiculars at the end values of x=0 and x=10.]
You can check the correctness of the calculation above by integrating the function and substituting for x=10 (and x=0).
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For x = 10, 0: , fx(dx) = 0.3(100/2) + 0.5(10) = 20 

[image: image4.wmf]
You can also see that another (tedious and absurd) way of determining the area is to vertically slice the larger trapezoid into smaller ones. The sum of the areas of all the trapezoids is equal to the area of the one large trapezoid. 
How could we use this procedure to calculate the area under the curve in Fig. 1? Clearly, the area is not trapezoidal. However, if a slice of the whole area is inspected, its area approximates the area of a trapezoid. It should be obvious that a smaller slice than the one shown in Fig. 3 would result in a trapezoid whose area more closely matches the area of the slice under the curve. 
Fig. 3 
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A good estimate of the whole area, then, would be the sum of the areas of all the trapezoids under the curve. The smaller the slices, or intervals, the better the estimate. 
The general formula for calculating the area under any curve with intervals xi-xi+1, is thus:

area = {(x2-x1) * ½[f(x1) + f(x2)]} + {(x3-x2) * ½[f(x2) + f(x3)]} + …+{(xi+1-xi) * ½[f(xi) + f(xi+1)]}


(5)

or 
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(6)
For the case where the integrand between the limits , ( is divided into n equal subintervals:


area = {((-/2n* {f(x0) + 2f(x1) + 2f(x2) +…+2f(x)n-1) + f(xn)}
(7)

Practice with Excel
Set up a spreadsheet to calculate the area under a curve of a known function. After you have perfected it, it should be as general and easy to use as possible. That is, you should be able to enter new intervals and functions and calculate the area quickly. 

Begin with equation (2). The interval is 0-10, and it is convenient to slice it into 10 intervals of 1 each. Use the autofill feature in Excel to create these x values. 
In the first cell of the adjacent column, enter the formula for the function, referencing the adjacent cell containing the first value of x. Copy the formula down for all f(x) in the column. Now you have all the x’s and f(x)’s.
In the third column, enter the formula for the trapezoidal area slice according to equation (4). Remember, you’re taking intervals here, so start the formula calculations in the second cell from the top. Copy the formula down the column for all x and f(x). 

At the bottom of the trapezoidal slices column, enter the formula to calculate the total area. Make sure you have headings for each column and other labels and text boxes, as necessary. Double-click the embedded worksheet to see how this is done.
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You can use the current worksheet or new sheets to calculate areas for other functions using the basic formulas you created here. Perform this procedure for equation (1) where x = 10, 0 and again for x= 2, 7. 
II. Integration of data
Sometimes the function is not defined by an equation, but rather by experimentally determined x, y data points.  
The change in entropy, S, of a substance over a given temperature range (where there are no phase transitions or changes of state) can be expressed in terms of the heat capacity at constant pressure:
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(7)
	T (oC)
	Cp (J/deg-mol)

	0
	28.912

	10
	28.902

	20
	29.118

	30
	29.151

	40
	29.184

	50
	29.299

	60
	29.361

	70
	29.392

	80
	29.587

	90
	29.549


Here are some heat capacity values at various temperatures for carbon monoxide. 
The integration using the trapezoidal approximation is straightforward.
(Plot the data for Cp vs. T to see what the curve looks like and why there is no equation for it.)
Double-click the embedded worksheet. 
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Cp (J/deg-mol) Cp/T

Dx

ave. ht.trap. area

0 28.912 0.106

10 28.902 0.102 10 0.104016 1.0

20 29.118 0.099 10 0.100753 1.0

30 29.151 0.096 10 0.097793 1.0

40 29.184 0.093 10 0.094724 0.9

Change deg. C to K.


Practice with Excel:

Here are heat capacity data for gaseous nitromethane. Calculate the entropy change between 15-100 K. 
	T (K)
	Cp (J/mol-deg)

	15
	3.72

	20
	8.66

	30
	19.2

	40
	28.87

	50
	35.69

	60
	40.84

	70
	44.77

	80
	47.89

	90
	50.63

	100
	52.8


More Practice with more complex functions
If you recall, in the gas chromatography (GC) experiment in CHEM 315, you calculated the area under the peaks in the chromatogram to find the molar ratio of the components of a mixture. A Gaussian “bell curve” is the ideal form for a peak. The equation for the curve is 
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Changing k changes the scale of the y-axis; changing h changes the slope of the curve. Using h = 1 and k = 1, plot the curve from x = –3 to x = +3. Calculate the area under the curve using the trapezoidal approximation. 
The method of estimating the area under the GC peak was to measure the height of the peak perpendicular to the baseline and the width of the peak at half the height. The area = h * w1/2 . You could prove geometrically that this is equivalent to calculating the area of the isosceles triangle within the symmetrical peak. 
[image: image11.emf]
An Historical Note: Other Methods for Numerical Integration
[image: image12.png]II. Other methods of numerical integration

A) Counting boxes. Plot the function on high quality graph paper (millimeter ruled), using as
large a scale as practical. Count the boxes under the curve, carefully estimating fractions.
Use the scale on the axes to convert boxes to area.

B) Weighing. Plot the function on high quality graph paper, using as large a scale as practical.
Do not write in the area under the curve! Carefully cut out the integral, and also cut out a good-
sized blank rectangle from the same piece of paper. Weigh both on an analytical balance. Using
the axis scales for your graph, calculate the area of the rectangle in appropriate units
The integral is found from the ratio of weights.
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function

		

		x		f(x)		Dx		ave. ht.		trap. area

		0		0.5

		1		0.8		1		0.65		0.65

		2		1.1		1		0.95		0.95

		3		1.4		1		1.25		1.25

		4		1.7		1		1.55		1.55

		5		2		1		1.85		1.85

		6		2.3		1		2.15		2.15

		7		2.6		1		2.45		2.45

		8		2.9		1		2.75		2.75

		9		3.2		1		3.05		3.05

		10		3.5		1		3.35		3.35

								Total area		20



This is more general in that it explicitly calculates the x interval and height for each data pair. The two column formulas could be combined into one.
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_1301163702.xls
data

		T (oC)		Cp (J/deg-mol)		Cp/T		Dx		ave. ht.		trap. area

		0		28.912		0.106

		10		28.902		0.102		10		0.1040159852		1.0

		20		29.118		0.099		10		0.100753024		1.0

		30		29.151		0.096		10		0.0977933802		1.0

		40		29.184		0.093		10		0.0947237687		0.9

		50		29.299		0.091		10		0.0919742975		0.9

		60		29.361		0.088		10		0.0894400747		0.9

		70		29.392		0.086		10		0.0869310666		0.9

		80		29.587		0.084		10		0.0847534131		0.8

		90		29.549		0.081		10		0.0826090339		0.8

										Total area		8.3		J/mol-deg



Change deg. C to K.



function

		

		x		f(x)		Dx		ave. ht.		trap. area

		0		0.5

		1		0.8		1		0.65		0.65

		2		1.1		1		0.95		0.95

		3		1.4		1		1.25		1.25

		4		1.7		1		1.55		1.55

		5		2		1		1.85		1.85

		6		2.3		1		2.15		2.15

		7		2.6		1		2.45		2.45

		8		2.9		1		2.75		2.75

		9		3.2		1		3.05		3.05

		10		3.5		1		3.35		3.35

								Total area		20



This is more general in that it explicitly calculates the x interval and height for each data pair. The two column formulas could be combined into one.
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